For a semigroup 5 of transformations of an infinite set X let Gs be the group of all the permutations of X that preserve 5 under conjugation. Fix a permutation group H on X and a transformation / of X, and let (/ : H) = ({hfh~l : h 6 H}) be the //-closure of / . We find necessary and sufficient conditions on a one-to-one transformation / and a normal subgroup H of the symmetric group on X to satisfy G (f-.H) = H. We also show that if S is a semigroup of one-to-one transformations of X and G s contains the alternating group on X then Aut(S) -Inn(S) = G S -
INTRODUCTION
Given a transformation / of a set X and a group H of permutations of X, the H-closure of / in the semigroup Tx of all the total transformations of X is the semigroup
(f:H) = ({hfh~l : h e / / } ) .
The //-closure of / is the smallest subsemigroup of Tx that contains / and whose automorphism group Aut((/ : //)) contains all the inner automorphisms <p h : g •-• hgh~x, where h 6 H and g e (f : H).
Let Q x denote the symmetric group on X. For an arbitrary subsemigroup S of Tx, the group G s of all the permutations of X that preserve 5 under conjugation, G s = {h£G x : hSh~l C 5}, was introduced in [10] . Given a subgroup H of G x , a semigroup S of transformations of X is said to be H-normal if G s = H. The centraliser Cg x {S) of 5 in Q x , C Sx (S) = {h€Qx-hg = gh, for all g 6 5}, is a normal subgroup of G s , and the group Inn(S) of all the inner automorphisms of S is a homomorphic image of G s , specifically I. Levi [2] While H $ G(f-.H) for a transformation / of X, the group H may be a proper subgroup of G(j-.n). For example, if X is a finite set, and / is a total transformation of X having \X\ -1 elements in its image im(/), then G</ : //> = Gx precisely when H is a 2-block transitive (see [11] ). Thus if H is 2-block transitive and / is as stated, then H -G(j:H) only when H = Gx-If H is the alternating group Ax on a finite set X, and / is a non-bijective transformation of X, then G(/ : //> = H if and only if \X\ = 0 mod 4 and / is an x-nilpotent (see [6, 7, 8, 9] ). Presently we extend the above studies to the case of an infinite set X by addressing the following problem (see also [12] ).
PROBLEM 1 . Given an infinite set X, characterise the normal subgroups H of Gx and transformations f of X such that the semigroup (f : H) is H-normal, that is G(f.H) = H.
Theorem 4.2 of this paper gives a solution for the above problem when / is a oneto-one transformation. Information on Gs is useful in considering the following problem. A semigroup S of transformations is said to have the inner automorphism property [14] if all the automorphisms of S are inner.
PROBLEM 2 Characterise the semigroups of transformations that have the inner automorphism property.
The automorphisms of specific Gx-nounal semigroups were described by a number of authors (see, for example, [1, 2, 15, 16, 17] ). It was shown in [18] (for a finite X) and in [3] and [4] (for an infinite X) that if S is a Gx-norma\ semigroup, then 5 has the inner automorphism property and Aut(S) = Inn(S) = Gx-If a semigroup of transformations contains certain constant transformations then it has only inner automorphisms [14] . If X is finite and S is an .Ax-normal semigroup then Aut(S) = Inn (5) = Ax [9] . If X is finite, and a subgroup H of Gx is either transitive or equal to its normaliser, then a semigroup 5, that is maximal amongst all the //-normal subsemigroups of Tx containing H, has the inner automorphism property and Aut(S) = Inn(S) = H [10] . Here we continue this line of investigation. We prove that if X is infinite and 5 is a semigroup of one-to-one transformations such that Ax Q G s , then 5 has the inner automorphism property (Theorem 5.5). We also investigate the form of the group Aut(S).
NOTATION AND PROPERTIES OF ONE-TO-ONE TRANSFORMATIONS
Let X be an infinite set, and let W* be the semigroup of all the total one-to-one transformations of X. There are several parameters associated with a transformation / of X. The rank and the defect of / are rank(/) = |im(/)|, and def(/) = \X -im(/)|.
The subset of all the points of X moved by / is S(f) = {x&X: f{x) ± x} and shift(/) = \S{f)\.
Just as any permutation of X may be written as a formal product of disjoint finite and infinite cycles, any one-to-one transformation of X may be written (essentially uniquely) as a formal product of disjoint cycles (finite or infinite) and chains (defined below) [5] . As usual, transformations / and g are disjoint if S{f)C\S{g) = 0. The formal product of a set A of pairwise disjoint transformations of X is denoted by FI{/ : f £ A] and defined by the following: Let Ch-x Q Wx be the set of all formal products of disjoint chains. Proposition 2.1 assures that every / € VV* can be written as a product of two unique disjoint transformations / p € Q x and f c € Ch x (the subscripts p and c stand for permutation and chain correspondingly). The following results are easily derived from elementary properties of one-to-one transformations and an observation that a non-permutation in W* has an infinite shift.
For any infinite cardinal a less than or equal to the cardinal successor \X\ + of \X\,
Then S(X, a) is a normal subgroup of the symmetric group Qx and these groups together with the alternating group Ax constitute the set of all the non-trivial normal subgroups oiQx [13] .
I. Levi [4]
, and the result below presents a condition sufficient for equality. 
. h(xi)h(xi + i)h(xi + 2)...)
is also a cycle of q.
Just as the conjugation of permutations preserves their cyclic structure, conjugation of transformations in W x by permutations of X preserves the cyclic-chain structure of the transformations [5] . heCg x (f p ), Take a permutation h satisfying conditions (l)- (3) above. Then h commutes with f p , and we only need to show that f c = hf c h~l.
h(S(f e )) = S(f c ), and

for each x t -chain (X1X2X3 • • •) in f c , (h(xi)h(x2)h,(x3)...) is an h{x\)-chain
For any
is a chain in / c . For the converse suppose that h G Cg x (f). Then / p = hf p h~l implies that condition (1) holds. We show that h maps a chain onto a chain, that is condition (3) holds. Let
Finally condition (2) follows from (3) applied to h (to obtain h(S(f c ))
C S ( / c ) and
or h(S(f c )) D S(f e ).
•
The above result has several useful consequences. 
If we assume additionally that f p is a product of disjoint cycles of distinct odd lengths, and / fixes at most one point, then Corollary 3.6 and Lemma 3. If S is a semigroup of total transformations of a finite set X, and Gs contains the alternating group A x on X, then G s = Qx, S is a £x-normal semigroup, all the automorphisms of 5 are inner, and the automorphism group Aut(S) of 5 is isomorphic to Qx [6] . For an infinite set X the fact that Ax ^ Gs does not imply that G s = QxHowever it will be shown in this section that if S (jt. Q x is a semigroup of one-to-one transformations of an infinite set X such that Gs contains Ax, then 5 has the inner automorphism property. The technique used here is based on that of [3] developed to describe the automorphisms of Qx -normal semigroups.
Everywhere in this section we assume that 5 is a subsemigroup of Wx that contains transformations with non-zero defects, and that Ax ^ Gs-To describe the automorphism group Aut(S), in view of Equation 1 (in Section 1), we need to know the structure of the centraliser of the semigroup 5 in Qx • (x2)g(x3) ...) of / (Proposition 3.5). Take s = (xia^a) G AxBy Equation (2) above, g -sqs~x for some q € Cg x (f), and this q has to map every chain of/ onto a chain in / in prescribed order (Proposition 3.5). However we have that q(xi) = s~1gs(xi) = s~1g(x 2 ) = g{x 2 ) = x 3 , hence q(xiqx2X 3 ...) is not a chain in / . This contradiction proves that g fixes every point of 5(/ c ).
Suppose now that there is an x 6 X -S(f c ) such that g(x) = y / x, and note that y 6 X -S(/ c ). Choose z € S(f c ) and take s x -(xyz) e A X -By Equation (2) again, g = s^isf 1 for some 91 e Cg x (f). However, in this case q x (z) = s^lgsi(z) = s^gix) = sl l (y) = x, so qi(S(f c )) ^ S(f c ), a contradiction to the fact that Qi € C Qx {j) (Proposition 3.5 again). Therefore g is the identity permutation of X. D
We proceed with the description of Aut(S). For a n i 6 X define
In as much as Gs contains a transitive group A x , the set TZ X is non-empty for every x € X. In fact H x is a right ideal of S, termed a point right ideal. Moreover, for I. Levi [10] any distinct points x,y G X, the corresponding point right ideals "R. x and 1Z y are also distinct. Indeed if r € H x D 7£ y , choose distinct points u, v € im(r) and take h = (yuv) to be a three-cycle in Ax < Gs-Then im(/ir/i~') = /i(im(r)), and so /ir/i"
Therefore there is a one-to-one correspondence between the points x of X and the point right ideals "R. x of S. We show that any automorphism of S acts faithfully on the set {H x : x € X} of all the point right ideals of S. Given distinct transformations s and t in S, define 7£(s,t) = {r£ 5 : sr = tr}.
If non-empty, TZ(s, t) is a right ideal of S termed a function right ideal. It is not difficult to see that there is a relationship between non-empty function right ideals and point right ideals of S (see [3] ) given by (3) n{s,t) = n{n x :s{x)^t(x)}.
For each x € X there exist transformations s,t € S such that H x = TZ{s,t).
Since the defect of a product of two one-to-one transformations is the sum of their defects, and since S contains transformations with non-zero defects, we may choose a transformation g in 5 with def(g) ^ 3. Since Gs contains a transitive group Ax we may assume without loss of generality that x € X -im(^). Let g(x) = y, and choose two other distinct points u and z in X -im(<?). Take three-cycles hi = (xzu) and /»2 = {xzy) in Ax ^ Gs, and let s = h 1 ghi~1g and t = high<f x g.
We show that the above defined s and t are the required transformations. Indeed, To see that tp indeed acts on S by conjugation by h, take an arbitrary x G X, f e S, and choose a non-permutation g in S with x € im(p). Take 
